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ASYMPTOTIC BEHAVIORS OF SOLUTIONS TO QUASILINEAR ELLIPTIC 
EQUATIONS WITH CRITICAL SOBOLEV GROWTH AND HARDY POTENTIAL 

CHANG-LIN XIANG 


Abstract. Optimal estimates on the asymptotic behaviors of weak solutions both at the origin and 
at the infinity are obtained to the following quasilinear elliptic equations 

-A„i< — —\u\'’^^u = u, X 6 R^, 

W 

where I < p < N,Q < < ({N - p)lpy and Q e L”(R~). 
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1. Introduction AND MAIN RESULTS 

Let I < p < N, p* = Npl{N - p) and 0 < p < p. = {{N - p)lpy. In this paper, we study the 
following quasilinear elliptic equations 

- Lpu = -A„m - ^\u\P-^u - Qix)\uf~^u, X € (1.1) 

\x\P 

where 


N 

ApU = ^ dx,{\Vuf~^dx,u), Vm = (dxiU, ■■■ , dx^^u) 
(=1 


is the p-Laplacian operator and Q € It is well known that equation (1.1) is the Euler- 

Lagrange equation of the energy functional E : D^'P{R^) —> R defined by 

E{u) = - f f Q\uf, 

P Jra \ \x\P I P Jr" 

where 2)'’t’(R^) is the function space defined as 


D’’^(R^) = |v € (R^) : V is weakly differentiable and Vv € L^(R^)| 
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equipped with the seminorm ||v||£)i,p(RiV) = l|Vv||i/>(RiV). All of the integrals in energy functional E 
are well defined, due to the Sobolev inequality 

p 

c( r \ipf\ < f |V#, 

\Jr" / Jrv 


where C = C{N,p) is a positive constant, and due to the Hardy inequality (see [4, Lemma 1.1]) 


Jr" \A^ Jr^' 




A function u € is a weak subsolution of equation (1.1) if for any nonnegative 

function (p € C“(R^) we have 


r l\vur^vu-Vip-^\ur^ui)\< f G(x)MP*-v 

Jr" \ \x\P I Jr" 


A function u is a supersolution of equation (1.1) if -u is a subsolution, and u a weak solution of 
equation (1.1) if u is both a weak subsolution and a weak supersolution. 

Equation (1.1) and its variants have been extensively studied in the literature. For the existence 
of solutions to equation (1.1), we refer to e.g. [3, 4, 7, 8, 9, 10, 11, 16, 17, 19, 20, 26]. For the 
uniqueness of solutions to equation (1.1), we refer to e.g. [6, 11, 12, 18, 27]. In the present paper, 
we study the asymptotic behaviors of weak solutions to equation (1.1). 

In the case p = 0, a. prototype of equation (1.1) (when Q = 1) is 

- ApU = |m|^ in R^. (1.2) 


The boundedness of weak solutions to equation (1.2) in the neighborhood of the origin is well 
known. As to the asymptotic behavior of solutions at the infinity, when p = 2, it was proved by 
Gidas, Ni and Nirenberg [18] that positive solutions (not necessarily in the space 2)'’^(R^)) of 
equation (1.2) satisfying 

liminf (|x|^~^m(x)) < oo, (1.3) 

|a|^oo ' ' 

must be of the form u{x) - uo{A{x - xq)) for some 4 > 0 and xq € R^, where 

uo(^)-(A(A-2))^(l + |xp)“"^. (1.4) 

Hypothesis (1.3) was removed by Caffarelli, Gidas and Spruck in [6]. Thus for positive solu¬ 
tions of equation (1.2), we have 

\u{x)\ < for \x\ > 1 


for some positive constant C. This estimate has been proved to be true for all weak solutions in 
^i,2(rA) Qf (1.2), see Gao and Yan [10]. For p 2, Gao, Peng and Yan [9] proved that for any 
weak solutions u € of equation (1.2) we have 

\u(x)\ < for|x| > 1 (1.5) 

for any 6 > 0 and some positive constant C (depending also on 9). We remark that their result can 
be easily extended, by the same approach in [10], to equation (1.1) (p = 0) in the presence of a 
bounded function Q. 
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We will focus on the case fi 0. When p = 2, the behavior of weak solutions to equation 
(1.1) at origin is known. It was proved that if u is a weak solution of equation (1.1), then 

\u{x)\ < C\x\ forl^l <1 (1.6) 

for some positive constant C, see [8, Theorem 1.1]. In addition, if the function Q is nonnegative 
and the solution u is also nonnegative, Han [21] proved that 

u(x) > for |y| < 1 (1.7) 


for some nonnegative constant C. In fact, Ferrero and Gazzola [17] proposed the problem of 
studying the asymptotic behavior of eigenfunctions of the operator -L 2 on bounded domain, that 
is, to study the asymptotic behavior of weak solutions to the linear equation as a ^ 0 


- L 2 U = -Au —= Au, 


U € hUQ), 


( 1 . 8 ) 


where T € R and G is a bounded domain containing the origin. Cabre and Martel [5] obtained 
(1.6) for the first eigenfunctions in the case when O is a unit ball. Cao and Han [7] proved (1.6) 
for all solutions of equation (1.8). The approach of [7] is as follows: if « is a weak solution to 
equation (1.8), then the function v{x) = \x\ ''^^^u{x) satisfies fhe equation 


-div (lAf'l Vv) = A\x\i ^)v Y e O, 


which is a weighted elliptic equation in divergence form. By means of Moser’s iteration technique 
[25], V is proved to be bounded, which is equivalent to (1.6). In [21], the author applied the same 
method to deal with more general type of equation than equation (1.1) when p -2, and proved the 
estimates (1.6) and (1.7). Obviously, the approach of [7] is not applicable to general quasilinear 
equations when p i^2. 

As to asymptotic behaviors of solutions of equation (1.1) at infinity when p = 2, to the best 
of the author’s knowledge, all known results are concerned with the particular case Q = 1. That 
is, consider the equation 


- L 2 U = -Au —^u = \uf ^u, in R^. 

UF 

For any positive solution u e C^(R^\[0)) of equation (1.9) satisfying 


(1.9) 


v(x) = Ixl^-^u(x) e (R^), 


( 1 . 10 ) 


i.e., the function v is locally bounded in R^, then a direct calculation verifies that v satisfies the 
conditions of Theorem B of Chou and Chu [12], and thus v is radially symmetric with respect 
to the origin by [12, Theorem B]. Therefore u is radially symmetric with respect to the origin. 
Catrina and Wang [11] and Terracini [27] proved that all positive radial solutions of (1.9) are of 
the form u{x) - A 2 uo{Ax) for some T > 0, where 

iv-9 / v7-'v^^ 

uo{x) = i4N(fi-p)/iN-2))^{\x\ +W # 



( 1 . 11 ) 
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Thus for any positive solution u € C^(R^\{0)) to equation (1.9) satisfying (1.10), there is a T > 0 

N-2 

such that u{x) - A'^ uo(Ax). Consequently we have 

|M(;r)| < CUfl for U| > 1 . 


for some positive constant C. Cao and Yan [10, Lemma B.2] proved this estimate for all weak 
solutions in 2)'’^(1.^) of equation (1.9). Their method depends on the Kelvin transformation 
v{x) = \x\^~^u ^\x\~^xy It seems that this approach does not work for general quasilinear equations 
( 1 . 1 ) when p t 2 . 

Much less is known in the case p 0 and p 2. Boumediene, Veronica and Feral [4, 
Theorem 3.13] classified all weak positive radial solutions in 2)'’/'(]R^) of equation (1.1) when 

N-p 

2=1. They are of the form u(x) = A~ uo{Ax) for some T > 0, where uq is a paiticular weak 
positive radial solution in DkP(R^) (see [4, Theorem 3.13]) satisfying 


lim uo{x)\x\'^' = Cl, lim uo{x)\x\'^^ = C 2 ( 1 - 12 ) 

1 jc |-^0 1 x |—>00 


for some positive constants Ci,C 2 . In (1.12) and thi'oughout the paper, 71,72 e [0, oo), 7 i < 72 , 
are defined as fhe fwo roofs of fhe equafion 


y^-^[(p - 1 ) 7 " -(N- p)r] +p^0. (1.13) 

While fhe exacf form (1.11) of fhe positive radial solutions fo equation (1.1) is known when p - 2 
and Q = 1 , the exact form of the positive radial solution uq to equation (1.1) when p 2 and 
2 = 1 seems to be unknown. 

For later use, we note that 


0 < 7i < 


N-p 

P 


<72 < 


N-p 
P-1 ■ 


In the case p = 2, 71 = ^fp - ^Jp- P and 72 = y/p + ^Jp - p, and in the case p = 0, 71 =0 and 
72 = (N- p)lip - 1). 

In this paper, we give a complete description on the asymptotic behaviors of weak solutions 
to equation (1.1) at the origin and at the infinity. 


Theorem 1.1. Let Q € and u € 2)'’^(R^) be a weak solution of equation (1.1). Then 

there exists a positive constant C depending on N, p,p, ||2lloo and u, such that 


\uix)\ < C\x\ 

and 

for |x| < Rq, 

(1.14) 

\uix)\ < C\x\~~‘'^ 

where Rq > 0 and Ri > 0 depend on N,p,p, ||2lloo 

for |x| > Ri, 

and u. 

(1.15) 


In the above theorem, the positive constants C,Ro,Ri depend on the solution u. Indeed, this is 

N-p 

the case, since equation (1.1) when 2 = 1 is invaiiant under the scaling v(x) = A~ uiAx), T > 0. 
In above theorem and in the following, if we say a constant depends on the solution u, it means 
that the constant depends on the LP -norm of u, and also on the modulus of continuity 

of the function hip) = l|w|l2/*(Bp(0)) + I|w|Ilp*(R'''\6i/p(0)) zero. Precisely, we will choose a constant 
eo > 0 depending on N,p,p, |I2IU. Since hip) —> 0 as p —> 0, there exists po > 0 such that 
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The constants C,Ro,Ri in Theorem 1.1 depend on po- 

We remark that our result is new even in the case p 2, n = 0. We improve the estimate (1.5) 
by Cao, Peng and Yan [9]. 

The following theorem shows that the exponents yi and 72 in the estimates (1.14) and (1.15) 
respectively in Theorem 1.1 are sharp. 


Theorem 1.2. Let Q € L“(]R^) be a nonnegative function and u € 2)^’f(R^) a nonnegative weak 
solution of equation (1.1). Then 


u(x) > m\x\ 

for |x| < 1, 

(1.16) 

and 



u(x) > 

for |x| > 1, 

(1.17) 

where m = inf 55 j( 0 ) u. 




In fact, Theorem 1.1 and Theorem 1.2 hold for solutions of more general equations. Consider 
the equation 

-LpU = f\u\P^^u (1-18) 

in an arbitrary domain O c R", where / is a function in the space Lp (D,). Equation (1.18) is the 
Euler-Lagrange equation of the energy functional E : ’D^'P{Q.) —> R defined by 

E{u) = - f {\Vu\P - p^] - - r f\u\P, u e £)1’P(Q), 

P Ja\ MPj p Jn 

where 2 )*’^(Q) is the function space defined as 

2 )*’^(n) = |v € (O) : V is weakly differenfiable and Vv € L^(n)|, 

equipped with the seminorm ||v||£)i,p(n) = ||Vv||iP(n). 

A function u € is a weak subsolution of equation (1.18) in Q if 

J' ^Vu\P~^Vu ■ V(f - ■^\u\P~^u(pj < J' f\u\P~^u(p 

for all nonnegative function cp € C“(Q). A function m is a weak supersolution of equation (1.18) 
in n if -u is a weak subsolution. A function n is a weak solution of equation (1.18) in O if m is 
both a weak subsolution and a weak supersolution. 

The following theorem gives the asymptotic behavior of solutions to equation (1.18) at the 
origin. 

N 

Theorem 1.3. Let Q. be a bounded domain containing the origin and f a function in L p (Li) 
satisfying f(x) < Alxp" in LI for some given constants A, a, A >0 and p > a. If u & D^’P(Li) is 
a weak subsolution to equation (1.18) in Q, then there exists a positive constant C depending on 
N,p,p,A and a such that 

m(x) < CM|x|“^‘ for X e Bit^{0), 

where M = sup^g^ u'^ and Rq > 0 is a constant depending on N,p,p,A, a. 

We also have the following theorem which shows that the exponent 71 in Theorem 1.3 is 
optimal. 
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Theorem 1.4. Let Q. be a bounded domain containing the origin and f € Lp (Q) a nonnegative 
function. Ifu € is a nonnegative weak supersolution of equation (1.18) in Q., then 

u(x) > Cm\x\~^^ for € O, 

where m = infn u and C = inf^n \x\^^. 

We also have the following corresponding results on the asymptotic behavior of weak solu¬ 
tions of equation (1.18) at infinity. 

Theorem 1.5. Let Q. be an exterior domain in K.^ such that is bounded and function 

f ^ Lp (O) satisfy f{x) < A\x\ “ in Q.for some given constants A,a, A > 0, p < a. Ifu e D ’^(0.) 
is a weak subsolution of equation (1.18) in Q, then there exists a positive constant C depending 
only on N, p,p,A and a such that 

u(x) < CM\x\-^^ for X e R^\Br^ (0), 

where M = sup^g^ (q) tind /?i > 1 is a constant depending on N,p,p,A, a. 

Theorem 1.6. Let Q be an exterior domain in such that Q'^ - R^\Q is bounded and f ^ Lp (Q) 
a nonnegative function. Ifu e is a nonnegative weak supersolution of equation (1.18) in 

n, then 

u(x) > Cm\x\~~^^ for x e LI, 

where m = inf^n u and C = inf^n 

Before we close this section, we outline the proof of Theorem 1.4. Other theorems are proved 
similarly. Suppose that u € is a nonnegative supersolution to equation (1.18) in a bounded 

N 

domain O containing the origin and / is a nonnegative function in Lp (O). Note that the function 
v(x) = m\x\~~^', m = infn u, is a solution of equation 

-LpV = 0 in n. 

Therefore, v is also a subsolution of equation (1.18). To prove Theorem 1.4, we establish a compar¬ 
ison principle between subsolutions and supersolutions of equation (1.18) on LI. The comparison 
principle is known in the case when p = 0 and f = 0, see e.g. [24]. The comparison principle 
in the general case is established in Theorem 3.2 in Section 3. Then Theorem 1.4 follows by 
verifying that the supersolution u and subsolution v satisfy all the conditions required in Theorem 
3.2. Our idea to prove the comparison principle for equation (1.18) is inspired by the paper [23] 
of Lindqvist, where he proved the simplicity of the first eigenvalue of the (minus) p-Laplacian 
operator. The essential point of his proof is to use the test functions of the type ip = u^~P(uP - vP) 
and if = - uP). 

The paper is organized as follows. In Section 2, we establish some preliminary asymptotic 
behaviors estimates for solutions of equation (1.1), and in Section 3 we establish comparison 
principles for subsolutions and supersolutions of equation (1.18) both on bounded domains and 
exterior domains. Section 4 is devoted to the proof of theorems listed above. 

Throughout the paper, we denote domains by O, the complement of LI in R^ by We also 
denote by Br or by Br{0) the ball centered at origin with radius R. For any \ < q < oo, LP(L1) is 


ASYMPTOTIC BEHAVIORS OF SOLUTIONS TO QUASILINEAR EQUATION 


7 


the Banach space of Lebesgue measurable functions u such that the norm 




’ if 1 < ^ < oo, 

esssupfjl/l, if^ = oo 


is finite. 


2. Preliminary estimates 

In this section we prove the following preliminary asymptotic behavior estimates for solutions 
of equation (1.1). These estimates are used to prove Theorem 1.1. 

Proposition 2.1. Let Q € L°°(R‘^) and u € be a weak solution of equation (LI). Then 

there exists a positive constant C depending on N, p,p, ||2l|oo and u, such that 

\u{x)\ < C\x\<^-^°) for |a| < ro, 

and that 

\u(x)\ < C\x\~^~*'^'^) for\x\ > n, 

where tq, ti, tq, ri > 0 are constants depending on N, p,p, ||2||oo and u. 

These pointwise estimates will be proved by Moser’s iteration argument [25]. We divide the 
proof into several lemmas. 

Lemma 2.2. There exists a constant ei = e\{N,p,p,\\Q\\oo) > 0 such that for any solution u € 
to equation ( 1.1 ) and for any p > 0 satisfying 

+ II“IIlp*(R"\Si/p) - ^1’ ( 2 - 1 ) 

there exists a positive constant C depending on N, p,p, ||2l|oo,p such that 

and that 

INb-(By < CR-^' forR>llp, 
where tq, ti > 0 are two constants depending on N, p,p. 

Let V = Q(x)\uY’'~^\ Equation (1.1) reads as 

-LpU - V\u\^~^u in 

proof of Lemma 2.2. We only prove the first inequality in Lemma 2.2. The second one can be 
proved similarly. Let 7? > 0 and q € C“(R^) be a cut-off funcfion such fhaf 0 < ?/ < 1 in R^, 77 = 0 
on 77 = 1 on Bri2 and IV77I < AjR. Subsfifufing fesf funcfion (f = q^u info equation (1.1), we 
obfain 

{-LpU, ip) = f \ f y|„|P-2 

Jr" \ W I Jrn 

Nofe fhaf for any d e (0,1) fhere is a consfanf Q > 0 such fhaf 

r \Vu\P~^Vu-V(p - f (qPjVulP+pqP-^ulVulP-^Vu-'Vq) 

Jr" Jr" ^ ' 

> (1-d) r |V(77 u)|^-Q r \Vq\P\u\P, 

Jr" Jr" 
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and from the Hardy inequality we have 

Jr" \x\p fi Jrv 

Taking 6 = 6 {N,p,fi) > 0 small enough such that (1 - d) > p/fi, we have 

{-LpU,<p) > (l-S-p/ju)f IV(rjM)lP - Cs f \^r]\P\u\P 

Jr" Jr" 

> Cl I 


r \wfT-c2(f \uf] 

Jr" / \Jbk\Br ,2 / 


where Ci = Ci{N, p,p), i - 1,2. On the other hand, 


p 

f <mMsJ f <ii<2iiooii<:x( r \pu\p 

Jr" ” \ Jr" / P ’ \ Jr" 


V\u\P ^uif 

Thus we obtain that 


r \pufY < cl f 

Jr" / \Jb 


Br\Br/2 


Ini''I + cwQwauw'pi 


:lf 

\ Jr^ 


\wf 


Set 


r \uf < f |77U|C <c f 

Jbr /2 Jr" Jb, 


Ttipn r’limi iiiiii 

P'.Br 

\uf V 0 < /? < p, 


and choose p > 0 small enough such that (2.1) holds. Then C||2||oo||u||^. p^ < Ijl for all 0 < /? < p. 
We obtain 


Br\Br/2 

where C depends only on N, p,p. Denote 'P(/?) = f \u\p' for R < p. We get that 

^DR 

'P(/?/2) < ffV{R), V 0 < /? < p, 

where 0 = € (0,1) depends only on N,p,p. Now applying Lemma 3.5 in [22, chapter 4] to T' 

on the interval [0,p], we obtain 


1 (rY° 

'?(/?)<-T'(p) - V0</?<p, 


e 


P 


where Tq = log(l/0)/ log 2 depends only on 6 . Now the first inequality of this lemma follows by 
setting To = Tq/p* and C = 

Recall that we denote by Br the ball Br( 0) centered at origin with radius R. Let Ar = 
B 8 r\Br/& and Dr = B 4 r\Br /4 for 7? > 0. We need the following uniform estimate with respect to 
R. 

Lemma 2.3. Let t € ip*,Nlyi). Then there exists a constant €2 = p,p, ||2||oo,0 > 0 such 
that for any solution u € to equation (1.1) and for any p > 0 satisfying 




( 2 . 2 ) 


there holds 


f N')' <c(f \uf 

Jdr / \Jar 


VR < p/8 or R > 8/p, 


(2.3) 
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where 1“!^ cind C > 0 is a constant depending on N,p,p,t,\\Q\\oo and p but 

independent of R. 

Proof. The proof is essentially the same as that of Theorem 1.3 in [22, Chapter 4]. Here we need 
to show that the constant C in (2.3) is independent of R. Set v{x) = u(Rx) for R > 0. Then v 
satisfies 

-LpV = Vr\v\p~^v inAi, 

where Vr{x) = RPV{Rx). Define v = max(v, 0) and v,n - min(v,m) for m > \. Substituting, for 
any rj € C^(Ai), and > 5 > 1 , the test function ip = into the equation of v, we get 

{-LpV,if) = ■ Vif - ^\u\P^^uip^ = J VR\v\P~'^vip. 

It is easy to see that for any d > 0 small there exists C,? > 0 such that 

f IVvr^Vv • Vy > (1 - f |V(?7v;;-'v)r-C5 r 

JAi JA, Ja, 

and from the Hardy inequality. 

Since ^ for all s € choose 6 small enough such that 

{-LpV,ip) > |(1|V(? 7 v"„-'v)|^ - Ca 

> Ci(^£ l?7vr'vr) 

for some constants Ci,C 2 > 0 depending on N,p,p,s, where = p*lp. On the other hand. 
Holder’s inequality gives us 

Therefore we have 

(Ia l^£ (2.4) 

for some constant C 3 = C^{N,p,p, HQIU, s) > 0. 

Fix t € {p*,Nly\) and ^ e N so that px^ < t < px^^^- Then there exists a positive constant 
O 3 - C 3 {N,p,p,\\Q\\oo,t) such that (2.4) holds for all 1 < s 
Set 

Q ^ (4C3)-i/(^*-^^ 

and choose p € (0,1) small enough! such that (2.2) holds. Then 

Mip-iAn) ^ ^ 2 , V 0 < /? < p /8 or /? > 8 /p. 

Therefore, for all 0 < /? < p /8 or /? > 8 /p, we have 


I 

JAi 


Vr\v\p- 


'vip < ||Fr||w 

P 


■u 
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for all 1 < s < where C > 0 depends only on f, ||2||oo,p. The same proce¬ 

dure can be applied also to (-v)'*' = max(-v, 0 ), the positive part of -v. 

Now by choosing appropriate functions rj and then applying Moser’s iteration method [25], 
we conclude that for any t € ip*,Nfy\) fixed, after finitely many times of iteration, we can achieve 
the estimate 

This proves (2.3). □ 

Now we prove Proposition 2.1. 


Proof of Proposition 2.1. Let t - {p* +N Iyi)l2 € {p* ,N lyf) as in Lemma 2.3 and to = min(ei, 62 ), 
where e\ and €2 are as in Lemma 2.2 and Lemma 2.3 respectively. Let p > 0 such that (2.1) holds 
for to- Still consider the equation of v{x) - u{Rx) given by 

-ApV -I- c(x)|v|^“^v = 0 in Di, 


where c{x) - -p\x\~P -Vr{x). Note that \x\~p is abounded function on D\, and Vr{x) = RPVfRx) e 
L^(Di) with q = due to (2.5). Following the proof of Theorem 1.1 in [22, Chapter 4] 

one gets that 

sup|v|<c(f (2.6) 

B \J1B / 

for any ball B - B(x, r) such that IB = B{x, 2r) c Di, where C = C{N, p,p, ||V’/?||l'?( 2 B))- 

We claim that the quantity ||Vr||l 9 (Di) is uniformly bounded with respect to R. Moreover, there 
exists a constant C > 0 depending on N, p,p, q, HQIU and p such that 


IIVfillw(z).) < C\\u\f^:l, V 0 < /? < p/8 or /? > 8/p. 


Indeed, by the definition of Vr and (2.3), 


Il^«ll?,£»i - 

R’’A\\V\\g,D, 

< 

iiGiiooR^'-^iiuii^;;-/ 

< 

CRP-HAAp'-p^ 

< 



|P*-p 


since P - ^ - 7 )(p* - p) - 0. Therefore the estimate (2.6) is uniform with respect to 

0 < R < p/8 or R> 8/p. 

Now a simple covering argument leads us to 


sup |v| < C 

B2\Bi 



Recall that v{x) - u{Rx). Equivalently we arrive at 


sup \u{x)\ < C 

B2r\Br 



V 0 < /? < p/8 or R> 8/p. 
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Hence by Holder’s inequality, 

sup \u\<cl-f \ufY = C||m||l/«(z)^) 7?^, V 0 </? < p/8 or/? > 8/p, (2.7) 

Bir\Br \Jdr I 

where C depends only on A^,p,p, ||2||oo,p and Unllp. ^jv. 

Since Ar c Bp for 0 < R < p/8 and Ar c for R > 8/p, by Lemma 2.2, there exist 
To,Ti > 0 depending only on N,p,^ such that ||m||l/'*(Dr) < CR^° ifO<R< p/8 and \\u\\u>^Dr) ^ 
CR~^^ if R > 8/p. Therefore, by letting tq = p/8, ri = 8/p and inserting the estimates of \\u\\lp*(Dr) 
into (2.7), we complete the proof of Proposition 2.1. □ 

Next we prove that some special functions are supersolutions. 


Proposition 2.4. (1) Given two constants A, a € R, A >0 and a < p. There exist constants 
1 > d, e > 0 depending on N,p,p,A, a such that the function v(x) = |x|“'^*(l ~ e D^’P(Br^) 
is a positive supersolution to equation 

- LpV = g{x)\vf~^v, X e Bro, (2.8) 

N 

where g is a positive function in Lp (Br^) satisfying 

g{x) > A|xr“, X€ Br^, 

with some constant I > Rq = Ro{N, p,p,A, a) > 0. 

(2) Given two constants A,a e R, A > 0 and a > p. There exist constants 1 > 6 , e > 
0 depending on N, p,p,A,a such that the function v{x) - |xr^^(l - dlxr*^) € 2)'’^^(B^^) is a 
supersolution to equation 

- LpV ^ g(x)|v|^'^v, xeBp^, (2.9) 

N 

where g is a positive function in Lp {Bf^) satisfying 

g{x) > A\x\~°', xeBp^, 
with some constant Ri = R[{N,p,p,A,a) > 1. 


Proof Let y, d, c € R and define function v{x) = \x\ ’’'(1 - d|x|^). Direct computation shows that 

h{SW) ,., 0-2 


-LpV = 


-\v\P-^v, forxTtO, 


\\- 5wr^ - 6 W)\x\P' 

where 

h{t) = |y - (y - 6)t|'’“^[^(y - e)t - k{y)\ - p|l - t|^“^(l - t), te [0, oo), 

and k{t) = {p - l)t^ - (N - p)t, f > 0. It is easy to prove that v is a weak solution of equation (2.8) 
and equation (2.9) with 

, , KS\xf) 

g(x) - -^-■ 

II - dixir~" (1 - sixnixjp 

It remains to prove that g satisfies those properties mentioned in the proposition. 

Note that h(0) = -|yP“^k(y) - p, where k(y) = (p - I)y^ - {N - p)y. Thus by the definition 
of yi and y 2 , as in (1.13), we have h{0) = 0 when y = yi or y = y 2 . 

Also we have 


h'{0) - {p - l)y^ ^ {-P7 + N - p + e) e. 
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So 

h'{0) > 0 if y = yi, e > 0 or y = 72 , e < 0. 

Therefore, there exists 1 > 5/, > 0 such that 2h'{0)t > h{l) > > 0 for t € (0,5/,). 

To obtain (1), we choose d = min{5/,, 1/2), e = (p - a)/2 > 0 and 

/!o = mm|l,(-ft'(0)) 

Then function v{x) = |x|“^‘(l - 6 \xf) is positive in since yi < (N - p)lp ,6 > 0, e > 0 

and function g given above satisfies 

Aivr“ < ^h'mxf-p < gix) < 2P6h’mxrp, v v € 

N 

The last inequality implies that g € Lp{Brq). 

(2) is obtained similarly. □ 


3. Comparison principle 

In this section, we prove the comparison principle for subsolutions and supersolutions to 
equation (1.18). We start with the following pointwise estimate. 


Lemma 3.1. For all weakly differentiable positive functions u,v on a domain O, we have for 
P >2, 

\^u\P-^^u • V (M - —u] + IVvr^y^ . V (v - —VI > CpiuP + v^)|V log M - V log v\P-, 


and also for I < p < 2 , 


IVn . VI n - —n I + |Vvl^-^w • V (v 



> CpipP + vP) 


|V log u - V log vp 
(I V log u\ + IV log v\)'^~P ’ 


where Cp are positive constants depending only on p. 


Proof Let u,v be two weakly differentiable positive functions, and r]\ - u - ^u, 772 - v - ^v. 
Then 


|VmP ^Vm • V? 7 i = |VmP - vP (|V log u\p + p|V log u\p ^V log « • (V log v - V log u^j , 
and 

\\/v\P-^^v • V 772 = IVvp - uP ( 1 V log v\P + p|V log v\P-^V log V • (V log « - V log v)). 
When p >2, applying the following elementary inequality (see [23]): 

\a\P > \b\P + p\b\P-^b ■ (a-b) + d a, b€ 

we obtain that, 

\Vu\P-^^u • V? 7 i > \du\P - v^(|V log v\P - Cp|V log M - V log vf) 

= \Vu\P - |Vvp + CpvP\V log M - V log v\P, 


and that 

\Vv\P-^Vv • V 772 > |Vvp - \Vu\P + CpW^IVlogn - Vlogvl'^. 

Adding these two inequalities together, we finish the proof of the lemma in the case p > 2. 
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The case \ < p <2 follows from the following elementary inequality (see [23]): 

\af > \b\P + p\b\P^^b ■{a-b) + Cp , Wa,b€ 

i\a\ + \b\y-P 

where Cp is a positive constant depending only on p. □ 

In the following two theorems, Theorem 3.2 and Theorem 3.3, we prove the comparison prin¬ 
ciple. Theorem 3.2 deals with the bounded domains, and Theorem 3.3 with the exterior domains. 

Theorem 3.2. Let Qbe a bounded domain and f ^ Lp (O). Let u e D 'P{Q.) be a weak subsolution 
of equation (L18) and v € a weak supersolution of 

- LpV - g|v|^“^v in Q (3.1) 

a 

such that infn v > 0, where g is a given function in L p (O) such that f < g in LI. If u < v on dLl, 
then 


u <v 


in LI. 


Proof. We only prove Theorem 3.2 in the case when p > 2. We can prove similarly Theo¬ 
rem 3.2 in the case when 1 < p < 2. For m > 1, it is easy to check that functions qi = 
u^~P min {{uP - m) and 772 = -v^~p min ((uP - m) can be taken as test functions of equa¬ 
tions (1.18) and equation (3.1) respectively. Therefore, substituting pi into equation (1.18) and 772 
into equation (3.1), and then adding together, we obtain that 


{-LpU,qi) + {-LpV, 


m) ^ f fl^f + f g\v\P ^V 772 
Jn Jn 


f 

^{uP-V‘ 


m{f - g) + 


{uP-vP>m] 


f 


(f-g){uP-vP) 


{0<u^-vP<m] 


< 0 


since f < g, 


where {-LpW, 77 ) is defined as 


{-LpW,q) ^ J' ||Vw|^ ^Vw • V 77 - 


for all w, 77 e 2 )*’^(Q). 


By the definition of 771 , 772 , we obtain that 


{-LpU,qi) = r (|Vm|^ ^\u-\{mu^ P) - p mu^ 

J{uP-vP>m] \ l-^r / 


+ 


X 


{0<uP-vP<m\ 


\Vu\P ^Vu • V (77- -U I - p 


uP-^ 

W 


vP 

u - u 

uP 


and 


= r fIVvI^-^Vv • V(- 7 nv‘"^) + p^-^mv^-A 

J{uP-vP>tn] I \AP I 


+ 


f 


fivvr 




Vv-V(v--vl-p 


vP-‘ / u 

V -V 

vP 


\x\P 


{-LpV, 772) 







14 


CHANG-LIN XIANG 


respectively. Hence we have 
{-LpU,T]l) ^ 


j (m(l - p)u - mp\x\ 

J\uP-vP>m\ 


+ 


f ( 

^{0<uP-vP<m} \ 


IVuj^-^Vu-V u - u 

uP 


uP-vP 


-p- 


\x\P 


and 


<-LpV, ?72> > 


/ 

J\h 


mp\x\ P + 


\uP-vP>m] 


X 


\0<uP-vP<m] 


\Vv\P-^Vv V iv - —v\- 


vP 


|V|P 


since |Vv|^ ^Vv • V(-mv^ P) > 0. Therefore we obtain that 

{-LpU,rji) + {-LpV,T]2) > ( ni(l - 

JtuP-vP>m] 


+ 


X 


{0<uP-vP<m} 


uP 


\Vu\P-^Vu • V M - —M + IVvr^Vv • V V - — 


vP 


Estimate the right hand side of the above equation as follows: for the first term we have 


ip-i) 


j mu P\^u\P <{p - \) f 

J{uP-vP>m} Jlu 




{uP>m] 


0 as m —> oo, 


since lim,„^oo \{uP > m}\ = 0, and for the second term we apply Lemma 3.1 to obtain that 

\Vu\P-^Vu • V + IVvr^y^ . V |v - ^vj > CpiuP + vP)\V log M - V log v\P 

for some positive constant Cp depending only on p. Recall that {-LpU,r]\) + {-LpV,rj2) ^ 0. 
Letting ni ^ oo, we obtain that 


which implies that 


r (n'' + vO|VlogM-Vlogv|/'= 0, 

J\0<uP-vP] 

log u = log V + C on {v e Q; u{x) > v(v)}, 


i.e. 

u = Cv on {v € Q; u{x) > v(a)), 

for some positive constant C > 0. Since we assume in the theorem that infn v > 0, it follows that 
C = 1. This implies that 

u < V, in O. 

This finishes fhe proof of Theorem 3.2 in fhe case p >2. □ 

Corresponding comparison principle in exferior domains is given in fhe following fheorem. 


\T — 

Theorem 3.3. Let Q. be an exterior domain such that is bounded and f € Lp{Q.). Let 

u e D^’P{Q.) be a subsolution of equation (1.18) and v € D^’P{Q.) a positive supersolution of 

- LpV - g|v|^“^v in n, (3.2) 

N 

such that inf^n v > 0, where functions g belongs to Lp(fl) and f < g in Q. Moreover, assume that 

limsup- r uPlVlogvr^ -0. (3.3) 

R —>00 ^ R 2 r\Rr 
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If u < V on dQ., then 


u < V in D.. 


Proof. We only prove Theorem 3.3 in the case when p >2. We can prove similarly Theorem 3.3 
in the case when 1 < p < 2. Fix R > 2diam(Q^) and m>\. Let rj € Cq(B 2 r) be a cut-off function 
such that 0 < ?7 < 1, ?7 = 1 on Br and IV 77 I < Substituting test functions 

ip\ = min {{u^ - m) and ^2 = ~ ^ 

into equation (1.18) and equation (3.2) respectively, and adding together, we have 

(-LpU,(pi) + {-LpV,(p2) < I f\u\P~^U(pi+ I g\v\P~'^v^p2 

Jn Jn 


^ / 

J{uP- 


m{f - g)V + 


{uP-vP>m] 


f 

JlO 


{f-g){uP-vP)rj 


{ 0 <uP~vP<m\ 


< 0 since f < g. 

On the other hand, by the definition of (fi and (p 2 , we have 
(-LpU,(pi} + {-LpV,(p2) 


f 


( r/l\7ulP-^Vu • V (M - —u] + T]\Vv\P-^Vv • V (v - — v 




uP 


vP 


f 

Jw 


{ 0 <u^-v^<m} 


uP 


u-—u\ \Wu\P-^Wu • V 77 -F IV - — VI |Vvr^ Vv • V ?7 


vP 


b-2. 


+ 


f{uP-vP>m] 

=: Ii + I 2 + I 3 + h- 

Lemma 3.1 implies that 

h > Cp 

> c, 


f • V(mj]u^-P) + f 

J{uP-vP>m\ J{u 


\Wv\P-^Wv ■ Wi-nipv^-P) 


l-r 


I 

J |0 

J 

Jw 


luP-vP>/n} 


Tj(uP +VPW log U-V log vfP 


lO<uP-vP<m} 


{0<uP-vP<m}nBR 


{uP + v^)|V log u - V log vf 


where Cp > 0 is independent of m, R. 

We estimate 4 {k - 2,3,4) as follows. For 4, we have 


I/2I 


< r (|VMrVl + |Vvr‘v)|V?7|+ f iCIVlogvr^lVpl 

JlO<uP-vPl ' JlO<uP-vPI 


[0<uP-vP} 


'B 2 r\Br 

Holder’s inequality implies that 


I f (\Vu\P-^\u\ + |Vvr 1 v) + l f uP\V log vr 1 -J 1 +J 2 . 

^ JborXBr ^ JbjrXBr 


J\ < c 


f ' If 


\^u\P 

B 2 r\Br 

- o(l) asR —> 00 , 


!Ll 

p 


\uf 


'B2R\B]t 


UP 


+ c 


f ' if 


iLl 

p 


ivr' 


'B2r\Br 


Up" 


and by assumption (3.3) 


J 2 ^ 0 as /? —> 00 . 
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Note that J \, J 2 are independent of m, so 


lim I 2 - 0 . 

m,R—^oo 


For It, , it is easy to see that 
h=m 
So 


|/3l< 


r (iVnr^Vn • + (1 - p)t]u-p\^u\p) . 

J{uP—vP>m] 

f (|Vn|^“^|V77|M + (p- 1)77|Vm|'’) < 7i + (p - 1 ) f 

JluP>m} Jin 


\Vu\P. 


^uP>m] 

Since the level set {uP > m] vanishes as m —> 00 , one deduces that 


{iiP>m] 


lim 73 = 0 . 

m,R—^oo 


For the last term I 4 , we have 
74 - 


= I {fn(p — l)pv P\Vv\P - mv* P\Vv\P ^Vv • Vrj) 

J{uP-vP>m\ 

-m f |Vlogvr^|V77| 

JluP-vP>mj 

- f IVlogvlP-^IVpIuP > -J 2 , 

J{uP>m} 


yluP>m} 

which converges to zero as m, 7 ? —> 00 by assumption (3.3). Hence combining together all above 
estimates we obtain that 


0 > limsup((-LpM,(/5i) + {-LpV, <^ 2 )) ^ C I + v^)|V log n - V log 

R,m—^oo 


v\P. 


Thus 


j {uP + V^)| V log M - V log v\P = 0, 


which implies that m < v in Q as proved before. This finishes the proof. 


□ 


4. Proofs of main results 

In the following we will prove Theorem 1.3, Theorem 1.4, Theorem 1.5 and Theorem 1.6 
first, and then we prove Theorem 1.1 and Theorem 1.2. 

Proof of Theorem 1.3. Let u € D 'P{Q.) be a subsolution to equation (1.18) with / € Lp{Q.) satis¬ 
fying f{x) < Al^r" in n for some constants A > 0, p > a. 

By Proposition 2.4, the function v{x) = |a|“'>'*(1 - 6 \x\'^) is a positive supersolution of equation 

N 

(3.1) in Bug c n with function g € Lp(B/ig) satisfying g(x) > A|a|““ for all a e Bjfg, where 
1 > d, e, 7?o > 0 are constants depending on N, p,p,A, a. Obviously we have g > / in Br^. 

Let ^ > 0 and define funcfion v = C(M + k)v, where C = sup^g^^ v~^,M - supgg^^ . Then 
V is also a posifive supersolufion fo equation (3.1) in fhe ball Br^ wifh fhe same function g as 
above. Moreover, infg^^ v - M + k > 0 and « < v on BBr^. Thus we can apply Theorem 3.2 fo 
fhe subsolution u of equation (1.18) and fhe supersolufion v of equation (3.1) on fhe ball Br^ fo 
conclude fhaf 

u{x) < v{x) < C( sup u* + k\x\~'^^ , for A e Br^ 

OB Kg 
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with constant C = v ^ independent of k. Now Theorem 1.3 follows by taking k ^ 0. □ 

Proof of Theorem 1.4. Suppose that u e T)^'P{Q.) is a nonnegative supersolution to equation (1.18) 
with / > 0. Then u is also a supersolution to equation (3.1) with g = 0. To prove the theorem, we 
may assume that m = infn u> 0, otherwise Theorem 1.4 is trivial since we assume that u > 0. 

Define function v{x) = Cm\x\~~^^ in Q, where C = inf^n ■ Then v is a solution of equation 
(1.18) with f = 0, thus a subsolution of equation (1.18) with f = 0. Obviously there holds u > v 
on dQ.. So applying Theorem 3.2 to the subsolution v of equation (1.18) and the supersolution u 
of equation (3.1) on the domain O, we conclude that 

u{x) > v{x) = Cm|Ap^' for a € O. 


This finishes the proof of Theorem 1.4. 


□ 


1 - 
Proof of Theorem 1.5. Let u € D 'P{Q.) be a subsolution to equation (1.18) with / € Lp{Q.) satis¬ 
fying f{x) < A\x\~" in n for some constants A > 0,a > p. 

By Proposition 2.4, the function v{x) = \x\~'*'^{\-6\x\~^) is a positive supersolution of equation 
(3.2) in with function g € satisfying g{x) > A\x\ " > f{x) for all x € , where 

1 > d, e > 0,/?i > 1 are constants depending on N,p,p,A, a. 

Let k > 0 and define v = C(M -i- k)v, where C = sup^gr v~^,M = supggr u'*'. Then v is a 
positive supersolution to (3.2) in with the same function g given above. Moreover, inf^g^ v = 
M + k > 0 and M < V on . We verify the condition (3.3) as follows: by Holder’s inequality 


1 

R 


f uPiviogvr^<^ 

JborXBr ^ 


f 

*-4B2r\Br \<Jb 


\u\^ 


B 2 r\Br 


UP 


where C is a constant independent of R. The first inequality follows by noting that |V log v(a)| < 
C\x\~^ with some constant C independent of R. Therefore (3.3) holds since u e L^*(R^). 

Thus we can apply Theorem 3.3 to the subsolution u of equation (1.18) and the supersolution 
V of equation (3.2) in to conclude that 


u{x) < v(v) < c( sup + k)j\x\ for y e Sg , 


with constant C = supggc v ^ independent of k. Now the theorem follows by taking k ^ 0. □ 

'^1 


Proof of Theorem 1.6. Suppose that u € 2)^’^(Q) is a nonnegative supersolution to (1.18) with 
/ > 0, then u is a nonnegative supersolution to equation (3.2) with g = 0. We may assume that 
m = inf^n u > 0, otherwise the theorem is trivial since we assume that u > 0. The positivity of u in 
D is a consequence of the fact that u is also a nonnegative supersolution to p-Laplacian equation 


-ApU > 0 


in Q since -ApU > puP ^ I\x\p > 0. Moreover, it is well known (see [24]) that 


X 


|VlogM|P < CR^-P, 


B2r\Br 


for all R large enough and C > 0 a constant independent of R. 


(4.1) 
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Let Cl = infjcg^n The function v = Cim\x\~'^^ is a solution to (1.18) with / = 0, and 
thus a subsolution to (1.18) with f = 0. Condition (3.3) on u and v is also satisfied by (4.1) and 
Holder’s inequality: 


R 


■X 


v^^IVlognr^ < 


B2R\Bit 


CR 


-i-pyi 


X 


IVlognp 


B2r\Br 


Ezi 

l> 


|B2i?(0)\B«(0)P 


(-/^-i-pr2+^(w-p)+f 
0 as/? ^ oo, 


since -1 - py 2 + ^{N - p) + j <0 due to the fact that 'y 2 > 

Thus we can apply Theorem 3.3 to the supersolution u of equation (3.2) and the subsolution 
V of equation (1.18) in to conclude that 

u{x) > v{x) - for A € 


This completes the proof of Theorem 1.6. 


□ 


Now we prove Theorem 1.1 and Theorem 1.2. 

Proof of Theorem 1.1. Let m be a weak solution of (1.1). By Proposition 2.1, there exists a positive 
constant C depending on N,p,p, ||2||oo and u such that 

\u{x)\ < C\x\~^~ for \x\ < ro, 

and that 

|m(x)| < for|x|>n, 

for some constants tq, ti, tq, n > 0 depending on N, p,p, ||2||oo and u. 

To prove (1.14) and (1.15), we regard both u and -u as subsolutions of equation (1.18) with 
function / given by / = Q\u\p ~p. Then f € L'p (R.^) and it holds that 

\f{x)\ < C|xr“ for |x| < ro, 

and that 

|/(x)| < Clxp^ for|x|>ri, 

with a = -To)(p* - p)< p and/3 = +T\){p* - p)> p. 

Therefore, we can apply Theorem 1.3 and Theorem 1.5 to ±u in the ball and in the exterior 
ball respectively to conclude that (1.14) and (1.15) hold. □ 

Proof of Theorem 1.2. Let n be a nonnegative weak solution of (1.1) and Q € L“(R^) be a non¬ 
negative function. We regard m as a nonnegative supersolution of equation (1.18) with function 
/ = Q\^f Then (1.16) and (1.17) follow from Theorem 1.4 and Theorem 1.6 respectively. 
This completes the proof of Theorem 1.2. □ 
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